Under the assumptions of the market of Black and Scholes, options are redundant since, through the classic Black-Scholes delta hedging argument, they can be replaced by an equivalent combination the risky asset underlying the option and a risk free asset. We show that options are not redundant when small proportional transaction costs of size ε are added to the model, which provides mathematical evidence for the common belief of traders that delta-gamma hedging is superior to just delta hedging. When options are not present, the minimal loss in the value function for the expected final utility due to the presence of transaction costs is O ε 2/3 . When options are present, we show the minimal loss can be reduced to O ε 6/7 . Further, we compute the explicit leading order optimal strategy and the coefficient for the O ε 6/7 term.
Introduction
Options are redundant in the idealized market model of Black and Scholes since they can be replicated by trading the equity asset underlying the option (e.g., stock) and a risk free asset (e.g., cash). However, in practice, options are not redundant; they can be used to construct more efficient hedging and trading strategies. It is widely known that higher order hedging, say delta and gamma hedging, leads to less overall trading than the delta hedging strategy of Black and Scholes. Similarly, the fact that option returns are nonlinear functions of the asset price allows an investor to follow dynamic strategies such as the Merton strategy with less trading.
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This paper studies the use of options trading to reduce overall trading costs incurred in following a dynamic trading strategy. We work in what seems to be the simplest model where this issue can be formulated quantitatively. We assume an investor is trying to maximize expected utility at a specific future time, T , by investing in a single risky asset (whose price is governed by geometric Brownian motion), a risk free asset, and a European option on the risky asset that expires at some time later than T . Trades may be made in any amount and at any time, but are subject to transaction costs that are proportional to the notional amounts traded. The proportionality constants are multiples of a small parameter, ε. Much previous work, e.g., [8] , [9] , [7] , [4] , has shown that the minimal loss in expected utility due to proportional transaction costs is O ε 2/3 for small ε when option trading is not allowed.
We show that allowing option trading reduces the need for trading to the extent that the minimal loss is reduced to O ε 6/7 . This gives some theoretical explanation of the economic value of options. It is an irony of the Black-Scholes argument that it gives a price to options by showing that they have no economic value, in that the market is complete without them. Our argument is based on constructing an approximation, to leading order in ε, to the optimal trading strategy. This strategy is close to second order delta and gamma hedging.
There are two particularly weak points in our arguments. Our analysis assumes that the option trades at the price, V 0 , determined by the BlackScholes formula. Black and Scholes showed that this must be true when ε = 0. (The present paper gives a more complicated version of their argument.) Moreover, Whalley and Wilmott [9] show, for exponential utility functions, that the value of the option to a given investor differs from the Black-Scholes price by O ε 2/3 . Such a perturbation in the market price has no effect on our conclusions. Specifically, if the market option price is V (S(t), t, ε), where V is a smooth function of s, t, and ε that satisfies V (s, t, ε) = V 0 (s, t)+ ε 2/3 V 2 (s, t) + O(ε), then our result would be modified by an amount smaller than O ε 6 7 . However, in the absence of exact arbitrage, it is not possible to say exactly what the market price of an option will be. In particular, it may not be a deterministic function of S, t, and ε as assumed in [9] .
The second weakness is our assumption that transaction costs for the option and for the underlying risky asset are of the same type (that is, proportional) and of the same order of magnitude (that is, governed by the same parameter, ε). This assumption will not be valid in markets where the option is much less liquid than the underlying asset.
Let us describe our model and our mathematical results. The price, S, of the underlying risky asset (hereafter, referred to as stock) is a geometric Brownian motion, dS = µSdt + σSdB. The expected return, µ, and the volatility, σ, are known constants. B(t) is standard Brownian motion. There are no dividends, taxes, or carrying costs for short selling. Let M (t) be the (possibly noninteger) number of stocks held, so X(t) = M (t)S(t) is the book value of the stock position. If there are no trades in time dt (M is constant), then dX = µXdt + σXdB .
The worth, Y , at time t of the risk free asset (hereafter, referred to as cash)
where r is the constant interest rate. We suppose, as previously discussed, that the option trades at the Black-Scholes price, so V (S(t), t) = V 0 (S(t), t). Let N (t) represent the (possibly noninteger) number of options so W (t) = N (t)V (S(t), t) is the book value of the option position. If there are no trades in time dt, then (writing W s for N (t) ∂ ∂S V 0 (S(t), t)) we have from the BlackScholes equation that
Note that the dB here and in (1) are the same. We use the proportionality transaction model of [4] , which differs slightly and in inessential ways from earlier models, such as [1] , [2] , [8] , and [9] . Here, one dollar of cash buys (1 − εa 1 ) dollars worth of options where a 1 is a given constant; a dollar worth of options can be sold for (1 − εa 2 ) dollars of cash; a dollar of cash buys (1 − εa 3 ) worth of stock; and a dollar worth of stock can be sold for (1 − εa 4 ) dollars of cash. Four nondecreasing, nonanticipating processes track the cumulative buying or selling of stock or options: I(t) is the cumulative dollar value of all options purchased up to time t; J(t) is the cumulative value of all options sold; K(t) is the cumulative value of stock bought; and L(t) is the cumulative value of stock sold. Including these transaction costs in (1), (2) , and (3) leads to
The optimization problem is to choose non-anticipating I, J, K, and L to maximize E[U (Z(T ))], where Z(t) = X(t) + Y (t) + W (t) is the book value of the portfolio and U is an increasing concave utility function. For ε = 0, this classical problem of Merton [6] has solution
where both f and the optimal strategy are explicitly known. For ε > 0, we seek to minimize the cost representing the loss in expected utility due to the presence of the transaction costs,
where the notation E x,y,w,t [·] means we take the expectation over all trajectories with X(t) = x, etc. Without transaction costs, f in (7) depends only on z rather than on x, y, and w separately.
The argument of Black and Scholes (see Section 2) implies that the result of (7) does not depend on whether or not we allow options. If we do not allow options, Merton's optimal strategy to compute (7) specifies a (usually) unique stock position X(t) = m(Z(t), t). With options, we achieve the optimal utility f as long as the stock and option portfolio satisfies
We call the set of portfolios satisfying this constraint the Merton line in the (X, W ) plane (or, equivalently, in the (M, N ) plane). We emphasize that any portfolio on the Merton line is optimal so we are indifferent between them. This includes the case where W (or, equivalently, N ) equals zero, and so we see that options give no advantage in the transaction cost-free case, which is no surprise since the market is complete without the options. In the case where there are no options allowed in the portfolio, Shreve and Soner [8] and Whalley and Wilmot [9] (for specific utility functions) and, more recently, Mokkhavesa and Atkinson [7] and Goodman and Ostrov [4] (for any concave, increasing utility function), showed that in the limit as ε → 0, the minimum cost differential, dC, is O ε 2/3 . Note that because this loss and the O ε 6/7 loss described in this paper are larger than O(ε), certain details of the model are irrelevent, such as the initial state of the portfolio -since we can immediately change to any other state for O(ε) cost -or whether, at the final time, T , we consider the portfolio's cash value or book value -which also have O(ε) difference.
The O ε 2/3 result follows from an optimal strategy that allows the portfolio to deviate some from its ideal Merton state; this deviation is quantified by ξ = X − m , the imbalance variable. In the optimal strategy (see, for example, Davis et al. [2] ), we do not trade as long as ξ stays within the interior of a hold region of the form ξ ∈ (−γ, γ) where γ is to be optimized. We only trade on the boundary of the hold region, ξ = ±γ, to prevent ξ from leaving the hold region. As shown in [4] , to leading order in ε, dC can be expressed as the sum of two positive terms:
The first term on the right hand side of (9) represents the opportunity loss due to the portfolio's deviation from its ideal Merton state while the second term represents the transaction costs. If we choose γ too small, the opportunity loss becomes small, but the transaction costs become too large, and if γ is too large, then the opportunity loss becomes too big even though the transaction costs become small. The precise form of the leading order term for the optimal balancing γ, which is O ε 1/3 , is given in [4] . If we now allow options in the portfolio, we look to minimize the analog of (9):
where, from (8), the imbalance variable, ξ, is now
We show in Section 3 that if there are no transactions in time period dt, we have dξ = ηdB + adt ,
where a is a complicated, but unimportant, expression and
We want to keep ξ close to zero to minimize our opportunity loss. To leading order, η determines the strength of random market forces that move ξ away from zero. Therefore, we reduce the need for rebalancing by keeping η close to zero through trading the option, which adjusts
∂s 2 V (s, t). Since ξ = 0 defines the Merton line, we now see that the line has a preferred optimal point, (ξ, η) = (0, 0), which we call the magic point. Keeping ξ = 0 is something like delta hedging in option pricing theory while keeping ξ = 0 and η = 0 is analogous to delta-gamma hedging. Matching the convexity of the optimal Merton strategy to the convexity of the portfolio return (as a function of S) reduces the need for rebalancing. Of course, most traders will tell you that it is the convexity of option prices that makes them valuable as hedging instruments. This paper is a quantitative exploration of this view.
We look in Sections 4 and 5 for an optimal hold region about the magic point. For small ε, the hold region is also small so the variables ξ and η are roughly in stochastic equilibrium. The optimal hold region will be bounded by four symmetric trading boundaries -one boundary each for buying or selling the stock or the options -in the (ξ, η) plane. In Section 5 we determine the full form of the leading order expression for the boundary of the optimal hold region that balances the opportunity losses and the transaction costs, and we show the full form of the O ε 6/7 term in the minimized dC. This paper exploits a singularity noted in our earlier paper [4] where no options are present. The O ε 2/3 loss discussed there (and in the earlier work cited) crucially depends on m z (z, t) = 1. If m z = 1, the transaction cost is reduced because changes in the stock price due to dB = 0 do not, to leading order, require rebalancing. Without options, the nature of the asymptotics about a point m z = 1 depends on the order of the zero and might be complicated. Further, there is no way to maintain this condition as the portfolio evolves. With the option, however, we show here how we can essentially maintain this condition by staying at or near the magic point. if V (s, t) satisfies the Black-Scholes equation, in which case it is the classical problem of Merton. We begin assuming only that V (s, t) is a smooth function of its arguments. In the notation of Section 1's introduction, we have
Since we allow partial stocks and options to be bought and sold (long and short), M and N can be adjusted to be any desired positive or negative real numbers. Using dS = µSdt + σSdB and Ito calculus, we calculate
Therefore, if there are no trades in time dt, we find
Given dZ, we can now determine the Hamilton-Jacobi-Bellman equation for f (Z, t)
(16) To determine the supremum, we set the derivative of the right hand side of (16) with respect to M equal to zero yielding
and we set the derivative of the right hand side of (16) with respect to N equal to zero yielding
From (17) we have that
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Inserting this into (18), we have
the classic Black-Scholes equation. That is, the Black-Scholes equation must be satisfied for finite optimal controls M and N to exist. We recall from classic Black-Scholes analysis that a portfolio containing a single option worth V and −V s S worth of stock must be risk free, that is, like cash, to avoid arbitrage. So an option of value V behaves like a portfolio with V s S worth of stock and V −V s S worth of cash. Also, it is known from Merton [6] that when there are no options present, the optimal trading strategy is
In light of this, (19) makes sense: the added presence of N options behaves like an additional N V s S of stock in the portfolio, so (21) becomes (19). Throughout the remainder of this paper, we will use the following slightly incorrect derivative notation: Recall, the dollar values of the stock and option positions respectively are X(t) = N (t)S(t) and W (t) = N (t)V (S(t), t). We write W t for N V t = N (t) ∂ ∂t V (S(t), t) (note that we do not take the derivative of N (t)) and W s = N (t) ∂ ∂s V (S(t), t), etc. From here on, we assume that V (s, t) satisfies the Black-Scholes partial differential equation (20) . Finally, we define the Merton function, m, by
which is the right hand side of (19) and (21). Note that m is always positive since f z > 0 and f zz < 0, which can be established using the fact that U > 0 and U < 0 for all utility functions. In light of these definitions, we now can express (19) in the form
We will refer to (22) as the equation for the Merton line since, for fixed Z, S, and t, (22) defines a line in the (X, W ) -or equivalently the (M, N ) -plane. When there are no transaction costs, staying anywhere on the Merton line corresponds to an optimal strategy. When there are transaction costs, however, staying near different locations on the Merton line does lead to different losses in expected utility. In the next section, we determine a specific point on the Merton line, which we will call the magic point. We will later show how staying near the magic point minimizes loss in expected utility.
Determination of the Magic Point and Its Local Dynamics
With positive transaction costs, it will not be possible to maintain the Merton condition m = X + W s S exactly with finite total transaction cost. The deviation is the imbalance variable:
The dB component of dξ is important and simple. As in [4] , the dt component of dξ is irrelevant if the hold region is small. Therefore, we keep track only of the dB components in the following calculations, denoting the dt components only by adt, where a is allowed to take different values from formula to formula. Consider the portfolio to be inside the hold region where there is no trading (dI = dJ = dK = dL = 0). Using dX = σXdB + adt, dS = σSdB + adt and dY = adt, we have:
Collecting terms, using (23) and SdW s = SW ss dS + adt = σS 2 W ss dB + adt makes this
The coefficient of dB in (24) will be denoted by
It represents the ability of random changes in the stock price to move the portfolio away from the Merton line. The larger η is, the more trading (and trading costs) are required to keep the position near the Merton line. Therefore, if we want to minimize our trading cost, we want to stay near locations where η is close to zero. Note that W ss = N V ss is the gamma of the portfolio. Therefore, as long as the option gamma (V ss ) is nonzero, we can achieve η = 0 by selecting an appropriate option position, N , and then we can choose an appropriate stock position, M , so that we also remain on the Merton line. This position, ξ = 0 (on the Merton line) and η = 0 (vanishing stochastic push away from the Merton line), is what we call the magic point. In the presence of transaction costs, we seek a trading strategy that keeps us near the magic point. See Figure 1 .
As with dξ, we compute the dB coefficient of dη in the hold region. Differentiating (25), we have
If we apply the Black-Scholes equation
and the first and second derivatives of the Black-Scholes equation with respect to s to the expressions for dξ in (24) and dη in (26), we have:
Trading Strategy Near the Magic Point
We want to choose a strategy that keeps the state of the portfolio near the magic point. We assume that like other proportionate transaction cost problems, the optimal trading strategy is a singular boundary control that trades only when the portfolio is on the border of a small (for small ε) hold region near the magic point. This section and the next determine the (approximate) shape of that region. It turns out that the hold region allows much larger deviations in η than in ξ. This is natural in that the opportunity loss rate is proportional to ξ 2 but does not (to leading order) depend on η. More precisely, we identify different size scales for ξ and η variation. It will turn out that ξ varies on what we call the microscopic scale, which is O( 3/7 ), while η varies on the mesoscopic scale O( 1/7 ). These scalings are determined (Section 5) by simple tradeoff arguments of the type used in [4] . Note that the microscopic ξ scale is smaller than the O( 1/3 ) scale that is optimal [8] , [9] when there is no option. This is because the ξ diffusion coefficient is smaller near the magic point so it takes less trading to counteract this diffusion, which allows the trading boundaries to be closer to ξ = 0, which, in turn, reduces the opportunity loss rate without as much trading cost. The scalings and a more detailed picture of the hold region are illustrated in Figure 2 .
As in [4] , we assume that ξ and η are in statistical steady state within the hold region. This should be correct because the equilibration time is quite small for a stochastic process confined to a small domain. The reader might worry, as we did, about the fact that the ξ diffusion coefficient vanishes at the magic point. However, once the microscopic and mesoscopic scalings have been identified, they turn out to be consistent with the steady state hypothesis.
Given the nature of the hold region as illustrated in Figure 2 , we make more detailed partial steady state hypotheses. The hold region is given parametrically as the region γ 1 (η) ≤ ξ ≤ γ 2 (η). If η(t) is slowly varying on the microscopic ξ scale together with the boundaries γ 1 (η) and γ 1 (η), then we should have ξ in approximate steady state at any given time within its range. Therefore, we seek the steady state in (ξ, η) space in two stages. First we identify the microscopic steady state of ξ for given η, then we identify the mesoscopic equilibrium for η under the hypothesis that ξ is in steady state as η evolves on the mesoscopic time scale. Once all this is done, we seek to optimize the hold region by finding the optimal boundaries γ 1 (η) and γ 2 (η). This separation of scales leading to inner and outer equilibrium has been frequently treated in the literature. A reference with financial applications is [3] . It is easy to see, as in [4] , that γ 1 (η) = −γ 2 (η), so we write γ for γ 2 and −γ, as in Figure 2 .
If ξ is in equilibrium for a given η, its steady state density will be uniform, to leading order. This does not depend on the nature of the boundary trading, only that it has the effect of keeping ξ in the interval [−γ, γ]. On the other hand, trading does influence the effective mesoscopic dynamics of η. It gives significant restoring force pushing η toward the magic point, as we now show. In fact, we will see that this restoring drift force has the order of magnitude η 2 /γ(η). With the scalings given above (and derived below) this is of order 2/7 /ε 3/7 = ε −1/7 , which goes to infinity as ε → 0. By contrast, the drift terms denoted simply adt above (and neglected below) are bounded as ε → 0.
Consider the trading vectors illustrated in Figure 2 . They indicate the direction and magnitude of change in ξ and η corresponding to unit amounts of each of the four allowed trades. For example, selling a small amount of option decreases both ξ and η, with ξ changing somewhat more than η. These vectors are found (see below), by calculating the dξ and dη corresponding to a small dI (I(t) being the cumulative options sales up to time t). That is, (dξ, dη) = v SO dI + (other terms), which is the definition of v SO as the "sell option" trading vector. Suppose, in the geometry of Figure 2 , that η > 0 and ξ = γ(η). We need to trade to stay within the hold region. Either of the trades "sell option" or "sell stock" will accomplish this, but only selling options will move η toward the magic point. Therefore, we assign the four trades to the four components of the boundary of the hold region as shown. Finally note that we do not know the relative directions of the "buy option" and "buy stock" vectors because the change of variables from (X, W ) to (ξ, η) need not be orthogonal. Still, the "buy option" vector is the negative of the "sell option" vector (to leading order in ε), as illustrated in the figure. This is important for the symmetry of the hold region about the ξ axis.
We want to choose a strategy that keeps the state of the portfolio near the magic point. However, when the portfolio strays from the magic point, we are much more comfortable with it straying in a path that stays near the Merton line than a path that moves away from the line since the opportunity loss will remain low if we are near the Merton line. Therefore, as ε → 0, we expect that our trading stategy will shrink the values likely taken by ξ to zero faster than the rate that the likely values of η shrink to zero. This alone does not necessarily imply that the portfolio density approaches equilibrium in ξ faster than it approaches equilibrium in η because, from the dynamics for ξ in (24), we see that the coefficient for the diffusion is the variable η which can be small. However, we will assume (and later verify) that we will select a trading strategy that shrinks the likely values taken by ξ so much faster than the rate as which the likely values of η shrink that, as ε → 0, the portfolio density almost surely does approaches equilibrium in ξ on a faster scale than it approaches equilibrium in η. Given this assumption we have three scales as ε shrinks, which we label the microscopic, mesoscopic, and macroscopic scales. On the microscopic scale, ξ varies and Z, S, t, and η are, to leading order, constant parameters. On the mesoscopic scale, η varies and Z, S, and t are, to leading order, constant parameters. On the macroscopic scale, Z, S, and t, which, to leading order, are unaffected as ε shrinks, vary. Previous sections have detailed the relevant macroscopic analysis; most of the remaining analysis for the optimal hold region and the corresponding probability density and minimal cost will take place on the microscopic and mesoscopic scales.
We begin with the microscopic scale where ξ varies. To keep ξ small, we will pursue trades whenever ξ = γ 1 or ξ = γ 2 , where γ 1 and γ 2 are small values to be optimized. This means that our portfolio always stays in the "hold region", ξ ∈ [γ 1 , γ 2 ], so named since we hold -that is, do not trade -our portfolio in the interior of this region. Because the length of the hold region is small, in the dynamics for ξ in (24), we expect the diffusion term (i.e., the dB term) to dominate the drift term (i.e., the dt term). Further, since the hold region is so small, we quickly approach a steady state in ξ, which, combined with the fact that we trade at the hold region's endpoints so that the portfolio cannot leave the hold region, suggests that, to leading order, the microscopic scale density, which is at most a function of ξ, should be constant. Given that the density is constant and that we wish to minimize the opportunity costs, which are proportional to E [ξ 2 ] of the portfolio, it follows that the hold region must, to leading order, be symmetric about ξ = 0; specifically, our trading strategy is optimized by setting −γ 1 = γ 2 = γ, so the hold region is of the form ξ ∈ [−γ, γ] , where γ is now the small value to be optimized. More specific mathematical details of this microscopic scale analysis are given in [4] .
Next we consider the mesoscopic scale where the hold region is the thin region in the (ξ, η) plane between the curves ξ = ±γ(η), which enclose the Merton line. (Note that γ is now a function of η on this scale.) Because γ is small, we expect that γ (η) is essentially zero. We will justify this assumption later by showing that the probability that the portfolio has an η value where γ (η) fails to be arbitrarily close to zero must vanish as ε → 0. There are four possible trading strategies when the state of the portfolio hits the boundary of the hold region: we can either buy or sell either the stock or the option. We want to choose a trade strategy that pushes the portfolio both back into the hold region -as was stated in the microscopic analysis -and back toward the magic point. This means (except, possibly, for negligible regions of the boundary) that each of the four trading strategies corresponds to exactly one of the four sections of the boundary of the hold region: γ(η) for η > 0, γ(η) for η < 0, −γ(η) for η > 0, and −γ(η) for η < 0. See Figure 2 .
Without loss of generality -and for the sake of specificity -we consider the case, as in Figure 2 , where we buy the option when ξ = −γ(η) and η < 0, we sell the stock when ξ = γ(η) and η < 0, we buy the stock when ξ = −γ(η) and η > 0, and we sell the option when ξ = γ(η) and η > 0. Now recall from the introduction that I(t) represents the total amount of cash spent buying options up to time t, J(t) represents the total cash worth of all stock sold, K(t) represents the total amount of cash spent buying stock, and L(t) represents the total dollar worth of all options sold. Since M (t) and N (t) represent the number of stocks and options owned at time t, we have that
Applying the equations X = M S and W = N V to the expressions for ξ and η in (23) and (25) allows us to express ξ and η in a form that makes the leading order dependence on M and N clear:
We next apply (28) to update our expressions for dξ and dη in (24) and (27) to include, to leading order in ε, the effects of trading. Specifically, for η > 0, we now have the following leading order dynamics near the magic point, (ξ, η) = (0, 0):
and for η < 0 we have
where each of the functions
, and
behave like constants on the mesoscopic scale since they are strictly dependent upon the macroscopic variables Z, S, and t.
Next we consider the nature of the probabililty density and the differentials of the trades, dI, dJ, dK, and dL. The mesoscopic scale probability density for the portfolio, ρ(ξ, η), is, from the small scale analysis, independent of ξ, and so we can define u(η), the marginal density obtained by integrating in the ξ variable:
Given the symmetry of the leading order dynamics and the trading strategies, it follows that u and γ must be even functions, that
, and so, without loss of generality, we can restrict our analysis to the part of the trading region where η > 0. We note that for any η in this region, the trading strategy was chosen so that E [α 21 dK(t) − α 22 dL(t)] < 0 -although it is possible that either E [α 21 dK(t)] or E [−α 22 dL(t)] may be positive. We will see that this will imply an overall push towards, as opposed to away from, the magic point from the combined effect of trading on the hold region's boundaries.
We revisit the microscopic analysis in the context of (29). As before, the drift term, e 1 dt, is negligible to leading order since the hold region is so thin. If we take the expected value of (29), we have that ηE[dB] = 0 from the martingale property of Brownian motion and that E[dξ] = 0 from the steady state, which leaves the relation
Further, if we consider d (ξ 2 ) , we have from Ito calculus that
where the last line follows from the fact that dK is only nonzero when ξ = −γ(η) and dL is only nonzero when ξ = γ(η). If we take the expected value of (33), apply (32), and use that 2ηE [ξdB] = 0 from the martingale property and that E [d (ξ 2 )] = 0 from the steady state, we obtain
This will allow us to relate γ(η), the boundary of the hold region, to the amount of push towards the magic point in the η direction in the mesoscopic scale analysis of the next section.
5 Determination of the Optimal Hold Region, Probability Density, and Cost
We are now ready to determine γ(η), the optimal hold region that minimizes the overall cost of the portfolio. After determining γ, we will be able to determine u(η), the probability density, and then finally, the minimum cost. We begin by considering E [α 21 dK(t) − α 22 dL(t) | η] , the expected push at a fixed η towards the magic point due to trading. From (34) and (32), we have that
Now consider (30), the dynamics for η on the mesoscopic scale. Since E[η] vanishes as ε → 0, the diffusion term will dominate the drift term so we can neglect the e 2 dt factor in (30). Therefore, the leading order "drift" in η is actually due to the effect of the trades; that is, to leading order, (30) becomes
Note that the dominance of the trading term over the e 2 drift implies that lim
= ∞ (almost surely), which we expect since, as the trading cost vanishes, the trades should force the portfolio closer and closer to the magic point. This limit also suggests that E[ξ] vanishes faster than E[η] -as we had assumed in forming the microscopic and mesoscopic scales. Given that time does not vary on the mesoscopic scale, we have the steady state differential equation corresponding to (36) for the probability density, u(η) :
where α = − 1 4
is positive by the trading strategy. Since u should be concentrated near the magic point, η = 0, it is reasonable to assume that lim η→∞ u(η) = lim η→∞ u η (η) = 0, so we can integrate (37) to obtain the first order equation
Also, since u is an even function, we have that
We next determine the nature of the cost function, C, which we will subsequently seek to minimize subject to the restrictions, (38) and (39), on the probability. Recall from the introduction that the cost function is the sum of two positive terms, the opportunity cost,
and the trading cost,
From the symmetry of the hold region and the definition of the density u(η) in (31), we can express the opportunity cost by 
As stated in the introduction, if we have a portfolio that only contains the stock and cash, the order of our minimal cost is O ε 2 3 , but we now see from (44) that our new strategy of staying near the magic point improves the order of the cost to O ε 6 7 . Noting that any given functionγ(η) induces a unique functionũ(η) through the constraints (45) and (46), we see that the only remaining task is to find the functionγ(η) that minimizes the integral
appearing in the cost (44).
Instead of looking to directly compute this minimizingγ, which we will callγ min , we will instead employ a Lagrange multiplier method because the direct method requires solving an infinite dimensional minimization problem for the functionγ min while the Lagrange multiplier method will reduce to a two dimensional minimization problem. The general version of the Lagrange multiplier method, along with more rigorous derivations of its formulas, is detailed in Appendix 2 of [4] . We require a Lagrange multiplier function, λ 1 (η), for the differential equation constraint (45) and a scalar Lagrange multiplier, λ 2 , for the scalar integral constraint (46). Letγ(η) andu(η) denote smooth perturbations of, respectively,γ min andũ min , whereũ min is the probability function induced byγ min via the constraints (45) and (46). Botḣ γ(η) andu(η) are assumed to be bounded and decay rapidly as η → ∞ but are otherwise arbitrary. From [4] , we have two equations. The first equation is formed by taking the inner products of the two Lagrange multipliers with the first variation in u of the two constraints, (45) and (46), while holdingγ fixed atγ min . (Note that the inner product corresponding to λ 1 (η) is integration, whereas the inner product corresponding to λ 2 is scalar multiplication.) The sum of these inner products is set equal to the first variation in u of the cost C in (47) while holding γ fixed atγ min yielding The scaled optimal density, u, in the hold region as a function of the scaled η to leading order. Because the hold region is thin, the density, to leading order, is constant in the scaled ξ direction. Note thatũ is an even function, so, by symmetry, the graph above ofũ for positiveη also provides the values ofũ for negativeη.
